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Boson-fermion and baryon mapping:
Construction of collective subspaces

. Application of the baryon mapping to many-baryon states
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Abstract

The theory developed in Part | of this series is applied to the general case
of a system consisting of colourfree quark triplets, whose quantum numbers
are chosen as collective trifermion indices. The appropriate mapping tech-
nique to be used here is the baryon mapping. It is demonstrated that the
original multiquark states can be exactly represented by states of colourfree
ideal baryons. Besides, collective extended images are derived for a class of

fermionic operators leaving the collective fermion space invariant.

PACS numbers: 03.65Fd, 12.40.-y, 21.60.-n
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|. Introduction

In the first paper of this serfes,’ hereafter referred to as Part |, the ap-

23 |y the case of a

plicability of the boson-fermion and the baryon mapping
truncated set of three-fermion quantum numbers has been studied. in the
formalism developed there, only certain values of these gquantum numbers,
the collective indices, are allowed to appear in the states of the different
many-particle spaces involved in the mapping. The images of the fermionic
operators have to be modified accordingly, which leads to the concept of
collective extended images. The existence of such an image could be proved
for any linear fermionic operator leaving the collective subspace of the origi-
nal multifermion space invariant. The physical results valid in this subspace
are then exactly reproduced in the model space, a subspace of the collective
ideal space.

In the second paper of this series,* in the following referred to as
Part Hl, the theory described in Part | has been applied to the single-orbit
quark shell model>*® developed by Petry and coworkers. There, the basic fer-
mions are quarks, and the collective three-quark systems considered In
Part || possess the quantum numbers of nucleons. In the present article, the
more general case of baryons, i. e., colourfree quark triplets, will be treat-
ed. The appropriate mapping technique for this purpose is the baryon map-
ping. The treatment presented here is not restricted to a special physical
model but is kept sufficiently general to apply to a whole class of Hamil-

tonians leaving the collective fermion space invariant.

The paper has the following organization: In Sec. |, collective trifermion
indices are defined according to the scheme of Part . The subject of
Sec. M| is the construction of the model space, and the derivation of collec-

tive extended image operators is described in Sec. IV. Section V contains a
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short summary of the results and conclusions. Throughout the paper, exten-
sive reference is made to Parts | and i, whose equations will be quoted by
their number preceded by | or |l, respectively. In addition, some results pre-

sented in Ref. 2 are used.
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Il. Definitions

The notation used here is essentially analogous to that of Part . The
creation operator of a quark possessing m = 3M states is written in the

form

u with  1=123 and u=1,.M, (2.1)
where the latin index i denctes the colour state, and the greek index u
stands for the remaining gquantum numbers.

In accordance with the convention of Part |, Sec. IIl.B, the collective

triquark annihilation and creation operators are defined to be the colourfree

operators

(2aa)apy = 1/6 T gc i Ct 2cr@bolap (2.2)
and

(a'a"a)ppy = (a88)py (2.3)

(see Egs. (1.3.22) - (1.3.23)). Here, the collective trifermion index is a triplet

(aBy). The coupling coefficients
C:ggact = 1/46 €abc sEpot)(aB'r) (2.4)

with the totally antisymmetric Kronecker tensor e,pn. (cf. the colourfree tri-

quark operator Introduced in Refs. 5 - 8) and the symbol



PART 1li 5

pon)(apy) =  Spudopbry * Saadiaboy * draboploy
+ SOGSPBST.{ + Sraﬁaﬁsp.r + SpuﬁtﬂﬁaT (25)

are completely antisymmetrized in their indices a, b, ¢ and totally symmetric
both in «, B, Yy and in p, 6, 1. (The superscript + of 8{,qr)(apy) iNdicates
the syrhmetrization.) The collective trifermion operators are therefore inde-
pendent of the order of their index triplets. The normalization of the coef-

ficients is chosen in such a way that the orthogonality relation

A =
1/6 ¥ X ngg;tr C:-‘ps'-'::tt = szas'r)(xlp) (2.6)

rst pot

(cf. Eq. (1.3.24)) is satisfied. As a consequence of Egs. (2.4) and (2.5), the

collective triquark operator (2.2) obtains the simple form
(aga)gpy = 1/96 ZE: Eabe dcy3bplac - (2.7)
abc

Application of the baryon mapping to the operator (aaa),g, leads to the

extended image (1.3.31), which is here given by

((aa)apy)s = bapy (2.8)

with the collective ideal baryon annihilation operator

b"-'-ﬂ'f = 1/6 gl:ac E:" ngg:m bapbac-: (2.9)
=1/V6 ¥ ¢anc baabpey (2.10)

of Eq. (1.3.26). The colourfree operator byg, defined in this way is com-
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pletely symmetric In its indices «, B, y. {In spite of the similar appearance,
it must not be confused with the totally antisymmetric ideal baryon operator
introduced in Sec, Il of Part |, where the greek indices have a different
meaning.) The anticommutation rules of the colourfree Ideal baryon operators

read (cf. Egs. (1.3.28)):

{bmﬂ'f' b:c).u} = SZGBY)(’G\U) ’

. R {2.11)
{bapy. Bxaw = (bapys bl = 0
In the following, the abbreviation
(@'a’a")gpy = Ty (2.12)

known from Part | will be used. In the case trealed here, the collective
fermion space F introduced in Sec. IV.B of Part | is spanned by the states

of the form

—+ +

Tpncntn“'Tma‘t'lO) (2.13)
with p1. 61, T4« Pr One Te = 1..,M and all possible integer values of n.
The collective ideal space J- is the Fock space of the colourfree ideal bary-
ons and consists of all linear combinations of the states with the structure

+

(T )g - (Toopa 10) = bey anty -+ Derorml0) (2.14)

n%nTh

where, again, arbitrary values of py, 04, ty, ..., Pne Ons Tne and n may occur.
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ill. The model space

As shown in Part |, Sec. V.B, the model space Jepc defined in
Sec. IV.B of Part | is spanned by the states of the form (1.5.18),

é (T;nantn).? - (T;‘aﬂ:i)? '0)
= (T;nan'rn).d e (T;‘q‘t‘).g '0) ] (3,1)

with all possible values of py, 04, T4, -ots Pme Ope 1. and n. These states are
the collective images of the multiquark states (2.13). In Eq. (3.1), € is the
orthogonal projection operator onto the collective ideal space Jg, (T:,ﬂ)ga is
the exact image and (T:,c,.,)':, a collective extended image of the operator
Toor-

The collective extended image operator (T;m)},- can be constructed ac-
cording to an algorithm analogous to that described in Sec. |V.B of Part Il.

The procedure begins with the expression
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C (Toad)? Pc
= C1//6 ét Erst (a:pa:.,aa:t)? Pc (3.2)
= C1//6 ;st Erst ( b:‘psot't

+1/2T % (b be
i o kxlirpUsottiy
+ +
+ bkxlkscbttrplu
+ +
+ bkxlkttbrpsclp)

Picsetaty

+ + +
+1/8 éx xZuE bkxtxrpblujvsabxﬁyntt

{ X 2
I vn bkxluxﬁblkjuyn ) PC ’ (3.3)

which is derived by means of Egs. (2.7) and (1.3.30). As in Part |,
Sec. IV.B, the symbol FSC stands for the orthogonal projection operator onto
the physical collective subspace Pg, the Image of F in the Ideal space. (In
the last fine of Eq. (3.3), the projector P onto the physical subspace P has
been omitted from the exact image (1.3.30) because P Pc = P, as shown
in Eq. (1.4.14))

In the next step, the creation operators on the right side of (3.3) are
reduced to their collective components. As a consequence of Eg. (1.3.27),

the collective part of an operator b:PsG“ is given by
(O puore) 1= 1/6 5, BN biay (3.4

= 1/16 €.t bpgr - (3.5)
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(The factor 1/6 appearing in Eq. (3.4) results from the special normalization
used here.)

For further simplification of the operator € (T,.)p P, several properties
pot/P ' C

of the Kronecker tensor €.g, are needed. From the equation
'}; ErciEriy = Bidy ~ Bigdy (3.6)

which is easily verified, one deduces

z Er's!.sr'sj =2 8I._f (3'?)
rs

and finally
2 Epstfrst = 6 . (3.8)
rst

Another important relation following from (3.6) is
p g
:L-;t Ersl‘.Ek'lr'eIJssx:‘n:
= 1/3 ( L eyirtys (Z Erstsxyl)
rs t
+ E £ E £
rzt: klrexyt (sz rst Ijs)
+ Z Eijssxyt (Z Ers\‘."zkl.r))
st r
= /30 ety — ExyEx

* o EkiExyi T Ewlifxyj

* EgExyl " Eipfxyk) - (3.9)
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(Equivalent but simpler expressions are possible, too, but the comparatively
complicated formula (3.9) ensures that the resulting variant of (T;m)}; is
completely symmetric in p, o, 1.)

Following the same instructions as given in Sec. IV.B of Part It for the
case of the nucleon creation operator, one finally arrives at the collective

extended image operator

(Toad)w

= b;ot + 1/6 E)\u(b:clpb:nu + b;kob;pu + b:t)\tb;au) bulu

+ 1/72 % ( by obrivobe
’{%E rlp :wo fn-r
s bxkabuvaEnp

+ b;)\'rb:.tupbgna) bqubu)\n . (310)

(Here, the last sum has been written in a form where the symmetry in

P, 0, T becomes immediately visible.)

The operator (T;m)}; is difficult to handle because of its complex struc-
ture. For an explicit construction of the collective image states (3.1), the re-

presentation (1.5.15), given by

C Ty onty ) -~ (Topp)e 10)

= & (Tg o2)a - (Toeppz 10) (3.1

is better sulted. According to Egs. (5.21a) and (5.17) of Ref. 2, the states
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(T;n"n"n)g e (T;‘afq)ﬂ '0)

_ n/2
- (1/6) (Et) Ernsntn'"ertslll
n
a

+ + + + + +
rnpnasnonatntn)ﬂ (ar1p1aS|u1at‘1:1)3 '0)

(see Eq. (2.7)) can be written as
(.I-;n‘-"n":n)“J (T;1°1"1)‘7 10}

_ n/2
= (1/6) ( rzst) Ersnty - Erissty
n

¥ sign(P)
el vt +
P (b"n Pn3nontnTh ™" 'brlp151°ltt"l) |0) :

(3.12)

(3.13)

1

The notation used here has been adopted from Ref. 2. The symboi (rst),

stands for the 3n indices ry, sy, ty, ..., My Spe 1y Of the first summation. P’

is a permutation acting on the 3n double indices (ripy). (s409), (t414),

(Fren)s (5n6n), (th1,), and sign(P) takes the value +1 if P' is even and -1 If

P' is odd. As described in Sec. V.A of Ref. 2, permutations that would pro-

duce equal terms in Eq. (3.13) are considered as equivalent. Consequently,

the set of all possible permutations of 3n indices falls into equivalence

classes, and each class [P'] is represented in (3.13) by an arbitrary element

P

When the projection operator C is applied to Eq. (3.13), the ideal baryon

operators b,fps,,h are reduced to their collective components (3.5). As a re-

sult, the collective image states (3.11) take on the form
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2 +

(Tonantn)7 - (T;’1°1T1)U 10)

— n '
= (1/6) I:g;]slg.]m(P) (rzst) Er, sty Erysity
n L}
P(Ernsntn...5r151t1)

P'(be, oty Doraye)10) - (3.14)
Now, the first permutation operator P' acts only on the latin indices
40 St t4s <or Te Spe to whereas the second one produces a synchronous
interchange of the greek indices py, 01, 4 -.cs Pns Ons Tne
For the special case of two ideal baryons, the factor consisting of the
Kronecker tensors is easily calculated by means of Egs. (3.7) and (3.8). and

the collective image states (3.14) are found to be

C (Topy)g (Toordz 10)

+

= baBYb;otlo)

- 1/3 ( b:BTb;oa * b:ﬂ'\rb;oﬂ + b;ﬂ‘tb:)a'f
+
* b:’BTb;m * b;wb;ﬂt + bapabpyr
+ b;aTb;UT + b;p'rbgnr + b;pr;gt)lo) - (315)

In the case of the guark shell model,>*® it should be noted that a re-
duction of Jcpc to the subspace of collective multinucieon Image states
does not lead to the model space constructed in Part |l where the collective
triquark quantumn numbers were those of nucleons (cf. Eq. (11.4.22)}). For

two nucleons represented by operators with the structure
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Ny = /6 ;ﬁ Jup TaBy (3.16)
of Eq. (Il.2.11), the formula (3.15) yields the result
& (NY)g (Ng 10)
= 4/3 (N,)7 (NJg 10) - 8 gﬁ 9ap9os DppyPac:l0) . (3.17)
eo
whereas in the formalism of Part |l the corresponding state is given by
402 (N7 (N5 10) (3.18)

300+3

with the constant 1 = M/2 (see Egs. (11.4.22)} and (11.3.17)).
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IV. Collective extended image operators

The operators considered in this section are composed of terms with the

structure
AGB = IZ a:aalﬁ (4-1)

and belong to the simplest nontrivial linear operators mapping Fc into itself.

The baryon image of A,g is derived from Eg. {5.28) of Ref. 2 and reads:

(Agplp = 172 E:u Exb;xlk!abkxl)\fb P (4.2)

Starting from the expression ¢ (Agp)p Pc and using the same method as in

Sec. IV.B of Part I, one is led to the collective extended image
(Agp)y = 1/2 gxb;mb,w : (4.3)

For all fermionic operators that can be expanded into products of factors
with the structure Agp. collective extended images are easlly constructed

from the building blocks (4.3). A Hamiltonian of the general form

~ + + _*
H == IZ GEB huB 18 + % §g WW-B‘YS alualgawaj; ’ (44)
h g

e. g., can be rewrltten as

~ +
H= 2 o);a (hoep * 3: Woqup) Sladip

- % E Woapys arual-ya;ﬁajs ’ (45)
pot
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and a representation in terms of colourfree ideal baryons is given by

Hy = 1/2 czz:B haB b;kubx)\ﬂ - Ew WaBvys b;:Sub'\'Su

A v&

+1/4 §)\u Wopys b;lab;vﬂbxlybpvs . (4.6)
uvp
vé

(Here, the result obtained by means of Eq. (4.3) has been rearranged in

normal order.)

An example is the pairing force operator (1.2.9) of the quark shell

model .6

A= G/4 E:r Eﬁ EjeEktr Gaplys 2iadipdkyals - (4.7)
kL &

which is expressed in the more transparent form

H=G/2 gj Eﬂ Oeeplys a,’uafaawajs (4.8)
&

with the aid of Eq. (3.6). The collective extended image (4.6) of H is found
to be

Ay = - G/2 T Guplys Dapubysy
agu
,,

+ G/8 g:)\u Qup9ya b;lub:wﬁbxk'rbpua . (4.9)

uvp
L't

When applied to the collective image vectors of the lowest and the first ex-
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cited states in the model, this operator reproduces the elgenvaluesﬁ
E = - G (n (20+3-n) - L (20+3-1) (4.10)

of the pairing force operator. The corresponding eigenstates contain n-l nu-
cleons and | A-particles, where | takes the values O or 1. The A-particle is

represented in the original multiquark space by an operator of the form®

+ +

Dy = /6 czz:ayd"‘s* Tapy (4.11)
with a totally symmetric tensor dya, possessing the property

E:B duET gua =0 . (412)

If the collective extended image operator Flb of the pairing force as given
by Eq. (4.9) is truncated to its purely nucleonic components, the result does
not agree with the collective extended image (11.5.5) constructed in Part i,
since, as shown In Sec. Il, the respective model spaces of the multinucleon

states are not identical.
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V. Summary and conclusions

In this paper, the baryon mapping has been applied to the general case of
many-baryon systems. It has been demonstrated that the states of any sys-
tem consisting of colour-singlet triquarks can be exactly modeled by states
of colourfree ideal baryons. In this way, a relation between real and ideal
baryons is established. Moreover, a general solution for the construction of
collective extended images has been presented for a class of fermionic oper-
ators which ieave the collective fermion space invariant. Since, as proved by

8 any colourfree 3n-quark state can be written as a

Petry and coworkers,
linear combination of states with n colourfree quark triplets, the resuits
given above are valid for aff colour-singlet states of 3n quarks.

Future fields of application for the formalism presented here and in the
two preceding papers could possibly be the study of multibaryonic properties,

the calculation of hypernuclear spectra, and the development of new models

for the interaction between baryons.
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