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Abstract

The formalism derived for the boson-fermion and the baryon mapping in
Part | of this series is applied to the single-orbit quark shell model devel-
oped by Petry and coworkers for the description of nuclear properties. The
multiquark space is reduced to the collective subspace of multinucleon
states. A collective representation of states and operators in terms of bo-
sons and ideal fermions or in terms of ideal baryons, respectively, is con-
structed. The results of the original model in the multinucleon space are
exactly reproduced. Finally, the two transformations are compared with a
related mapping technigue recently published by Pittel, Engel, Dukelsky, and
Ring.

PACS numbers: 03.65Fd, 12.40.-y, 21.60.-n



PART i e
l. Introduction

In the first paper of this series,’ hereafter referred to as Part |, a theo-
ry has been developed for the application of the boson-fermion and the
baryon mappingz‘3 in the case of a restriction to a subset of three-fermion
quantum numbers, the so-called collective indices. In this formalism, the dif-
ferent many-particle spaces involved in the mapping are replaced by trunca-
ted spaces where only collective indices are allowed. For any linear fermionic
operator leaving the collective subspace of the muitifermion space invariant,
a collective extended image operator could be proved to exist. It acts on
states of the model space, where an exact representation of the original
physical results is possible.

The purpose of the present paper is to illustrate this theory by a prac-
tical example. The two mapping technigues are applied to the single-orbit
quark shell model constructed by Petry et al.*> for the microscopic descrip-
tion of nuclear properties. The elementary constituents of this model are
quarks, and the nucleus is treated as a multiquark system In a spherical
bag. The interaction of the quarks has the structure of a pairing force
acting only between quarks which possess the same excltation energy and
whose total angular momenta and isospins are coupled to zero. This ap-
proach leads to a quark-diquark structure of the nucleon, where the diquark
is In a state of vanishing total angular momentum and isospin and the third
guark acts as a valence quark carrying the respective gquantum numbers of
the nucleon. In the present article, a system of nucleons is considered, and
the nucleonic quantum numbers are chosen as collective indices.

The quark shell model has already served as an example for another kind
of mapping technique recently proposed by Pittel, Engel, Dukelsky, and Ring.6
Similar to the boson-fermion and the baryon mapping, this method is an ex-

7.8

tension of the well-known Dyson boson mapping to multiquark systems
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with three-quark clustering. The formalism employed by Pittel et al. is moti-
vated by the quark-diquark model of the baryon and is based on an iterative
procedure. In the first step, the conventional Dyson boson mapping for an
odd number of fermions® is applied, leading to a representation of the origi-
nal three-quark subsystems in terms of boson-fermion pairs. Here, the bo-
son carries the quantum numbers of the diquark, whereas the fermion
symbolizes the unpaired third quark. A second mapping transforms the
resulting boson-fermion systems into new particles which behave like fer-
mions with three-quark quantum numbers and are therefore termed triplet
fermions. Contrary to the ideal baryons of the baryon mapping.z'3 they are
not totally antisymmetrized in their three single-quark indices but reflect the
symmetry properties of the boson-fermion pairs. In the present paper, the
results obtained by Pittel et al. for nucleons in the single-orbit version of the
quark shell model® are contrasted with the results of the boson-fermion and
the baryon mapping, and the characteristic features of the different ap-

proaches are pointed out.

The plan ot the paper is as follows: In Sec. il, the basic definitions of the
single-orbit quark shelt model developed by the Petry group are summarized.

4,5,9,10 on the

For details, the reader is referred to the original literature
model and its extensions. The next three sections are devoted to the bo-
son-fermion and the baryon representation of the model and follow the
approach presented in Part |, whose equations will be quoted here by their
number preceded by |. The collective ideal space J~ and the model space
Jepe defined in Part | are introduced in Secs. il and IV, respectively, and
Sec. V deals with the construction of a collective extended image of the
pairing force operator. In a final discussion in Sec. VI, the mathematical

formalism underlying the alternative method of Pittel et al. is analyzed and

compared with the procedure described in the preceding sections.
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II. The mathematical problem

In the single-orbit version of the quark shell model,*> a valence shell is
considered where the guantum numbers specifying the radial excitation and
the total and orbital angular momentum of a quark have fixed values. A

guark creation operator is then written as

ay, with 1 =123 and u=1..220. (2.1)
Here, the latin index i stands for the colour state, and the quantum numbers
m, and t, representing the z components of total angutar momentum and
isospin, respectively, are included in the greek index . As in Ref. 6, the to-
tal number of values m, is denoted by {1. Since two quark flavours, u and

d, are needed In the model, the number of different quark states (iy) is
m = 6() . (2.2)

As mentioned in the Introduction, a nucleon in the model is composed of
a diquark and a single guark. The diquark consists of two guarks whose
isospins and total angular momenta are coupled to zero and is therefore in
a colour-antitriplet state. The notation used by Petry and coworkers is cho-
sen in such a way that the three possible diquark states are characterized
by ordinary colour indices. The creation operator of a diquark In the state r

can then be defined as

A: i= §3 gﬂ Eabr YaB a;ocagﬂ (2‘3)

(cf. Refs. 4 - 5 and 9 - 10). Here, e, is the usual totally antisymmetric
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Kronecker tenscr, and g.p denotes the coupling coefficient of angular mo-

mentum and isospin S

Qup = (-NVZT M g 5 . (2.4)

Mee:=MB T~ TR

It possesses the properties

9up = 9B » (2.5)
§ 9QupSay = SBY ' (26)
cz::B YupGep = 20 . (2.7)

The operator of the pairing interaction between the quarks in the valence

shell has the structure5

H:= - G/4 T A/A, (2.8)
r
= G/4 5:"_ oZaB EabrEcdr 9ap9ys a;uagsacyads (2.9)
cd v

with the coupling constant G. For a colourfree system of 3n quarks in the

shell, the eigenspace of A belonging to lowest energy is spanned by the

states4'5
+ +
Ng, --Np, 10>
with  ppeenpn = 1,200, (2.10)

ppze for fLj=1..n and i2j.
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Here, the creation operator

Ng, = :,;br Ee €abr Jap Analbpdro (2.11)
=X Aralg (2.12)

describes a nucleon of the valence shell in the state p, while the vacuum
state |0> of the single-orbit model in general represents a core of filled

shells. The eigenvalue of H for a state with n nucleons in the outer shell is>
E := - Gn (2Q+3-n} . (2.13)

In the following, the space spanned by the multinucieon states (2.10) with
n = 0,1,...2Q0 is chosen as the collective fermion space Fc introduced in
Part |, Sec. IV.B. Accordingly, the collective triquark creation operators in
the sense of Part | are, up to a normalization factor, given by N;, and the
collective diquark operators have the structure of Ay, again up to a multipli-

cative constant.



PART I I
lll. The collective ideal space

In order to construct the collective ideal space J., one proceeds as in

Secs. Il and IV of Part |,

A. Boson-fermion mapping

In the notation introduced in Part |, Sec. lIl.A, the collective diquark anni-

hitation operator A_ is given by

Ar =3 fzn EE) §BC;‘abﬂ abﬁaaa . (31)
where the coupling coefficients

C;abﬁ = 1/420 Eabr Jap (3.2)
are antisymmetric with respect to an interchange of the double indices (aa)
and (bB) and obey the orthogonality relation (1.3.3). The colour index r ap-
pearing here is a collective difermion index in the sense of Part |, Sec. IV.A.
With the aid of Eq. (1.3.1), A takes on the familiar form

Ac = 2420 (aa), . (3.3)

In a completely analogous way, the operator N, annihilating a nucleon,

i. e., a collective triquark, is written as
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N, =t 2/60 Y. X Dfey acy(aa), (3.4)
rc ¥
= @ 53 gachabB D'?;'Y aCTabBaau (35)

rc

with the coefficients
D,?CY 1= 1/43 ac,,aw . (3.6)

In this definition, p is the collective trifermion Index Introduced in Sec. IV.A
of Part |, and the indices (cy} and r stand for the contributing single-fer-
mion and collective difermion states, respectively. The coefficients DECY fulfil
the orthogonality relation (1.3.8). (There, due to the property (1.4.1), terms
with noncoltective difermion indices do not appear in the sum.) Using the

notation of Egs. (1.4.2) and (l.4.4), one obtains from (3.4):
Np = 2760 (aaa), = 2/60 T, . (3.7)

The corresponding extended image (Ng)gy, constructed by means of

Egs. (1.3.16), (1.4.3), and (1.3.10), is given by

(N)g = 2760 (bo), (3.8)
with the collective boson-fermion pair

(bc)y = L T Dfay brCey (3.9)

rc ¥

=1/43 X brceo (3.10)
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and the collective boson operators

br 1/2 2 z CaabB batxbﬂ (3’")

__'(= Z':: “Z abr Gup Paxbs - (3.12)

According to Part |, Sec. IV.B, the collective ideal space I is then

spanned by the states

(N )7 - (Ng)7 10) = (b°c" pr‘...(b*c*)p‘|o)
with n = 0,,..20 ,

- (3.13)
p‘]v lpn = 1:- |20 ’
pp*e for i,j=1..,n and %] ]
B. Baryon mapping
The nucteon annihilation operator is now expressed in the form
)+
N '- E[:;c E Caubﬂ07 aCYabﬂaau (314)
with the collective triquark coupling coefficients
ce =l e (Gag Svo * Gva Sgo * Oy Boo) (3.15)
axbfcy Y60+ abc ‘YaB %yp Ovya %8p T Y8y Oap .

introduced in Sec. llII.B of Part |. Here, p is a collective trifermion index as
in Part 1, Sec. IV.A. The coefficients Cmbﬁc.r fulfill the requirement of total
antisymmetry with respect to permutations of the three double indices (aax),

(bB). and (cy) and are normalized so as to satisfy the orthogonality relation
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(1.3.24). By inserting Eq. (1.3.22} into (3.14) and using (1.4.4), ore derives

the representations
N, = 2/6(0+1) (aaa), = 2/600+1) T, (3.16)

of N_.
The extended image (N_ )y of N, constructed by means of Eq. (1.3.31), is

then found to be
(Np)g = 2/6(Q+) bp , (3.17)

where the collective ideal baryon operators are given by (1.3.26), i. e.,

*
be = 1/6 gm §Bchabﬂc7 PacbBey - (3.18)
When the total antisymmetry of egpc in Eq. (3.15) is made use of, this ex-

pression can be written In the simple form

1

bp = W EJC §B Eabe gElB ba“bscp . (3.19)

The collective ideal space J. is now spanned by the states

+

(No )7 - (NgJ5 10) « by ...bg,I0)

with n = 0,41,....20 ,
L (3.20)

Preeeabp = L2,

pzre for 0 j= 1,...n and i #j.
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IV. The model space

The aim in this section is to find a collective extended image (N;,)b of the
nucteon creation operator N:, and then to construct the states of the model
space Jcpe according to the scheme of Part |, Sec. V.B. As a starting
point, the exact image (Nj)p of N is calculated in Sec. IV.A. In the fol-
lowing step, a collective extended image (Ng)y is derived with the aid of the
fundamental relation (1.5.8). The algorithm used for this purpose is outlined
in Sec. {V.B, and the results obtained with the boson-fermion and the baryon

mapping are presented in Secs. IV.C and IV.D, respectively.
A. Exact image of the nucleon creation operator
In the case of the boson-fermion mapping, the image (N)p of NI is de-

rived by means of Eq. (3.5), where the coefficients (3.6) are inserted. The

result reads:
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(Ng)

120 Z;:r‘ Eﬂcgabﬂ (a;uagﬂa:p)f’

/20 zﬁr §B C;abﬂ

+ + + + + +
( baabpCre * bbﬂrpcau + brpaucba

+ + 4
+ Z Z ( baukxcbﬂcf‘p
k 2
+ + o+
+ bppkxCrpCan

+ + _+
+ brpkucaucbﬂ) Cix

+ + +
+ Z z ( baallbbﬂkxcrp
kl A .

+ +
+ bbﬂllbrpkxcam

+ + +
+ broiabaokxCbp) Dl

+ +
SRR St
+ bbﬂrpbaoth

+ b:paabgskx) ctkbkull
+1/2 kzl gkb;xl);c;ac‘l;ﬂc:pclkckx
+
+1/3 k):l Ex b ek Pt PrpuCiv
WY byaabivig

+ b iPvie

+ blu.kub]vll)) -ﬁ{‘:‘ )

~

P.

(4.1)

(4.2)

12
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Here, Egs. (1.3.14) - (1.3.15) have been used for the construction of the
image operator (aqanparp)p. The terms of the last sum have been rewrit-
ten in such a way that the resulting formula is easier to handle in the pro-
cess of truncation. The operator N appearing on the right side of Eq. (4.2)
is the particle number operator of the bosons or ideal fermions, as explained
in Sec. LA of Part |. As usual, the symbol P represents the orthogonai
projection operator onto the physical subspace P.

n the case of the baryon mapping, the image (N;)p of N; is found to be

(Ng)»
- Y6(Q+1}
) 3 e ozz:ﬁvcg"‘“c* (azadbgacy) s (4.3)
G (015) o
3 z:bc OZI:BY axbBey
( b;ﬂbBcY

+ +

+1/2 Ei EMI ( bkxlkambbﬁc'fip
+ Distabpbe

yvaoti

+ b;xlkcyb;abﬂlu)

Brscin i

+ + +
+1/8 gx Euﬁ bkxllaablujvbBbXEYTlCT

Ly X 5
Iy . bkxiprbl)\jvyn ) P (4.4)

This expression has been derived with the aid of Egs. (3.14) and (1.3.30).
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B. Construction of a collective extended image

For the operator N;, a ccllective extended image (N;):g as defined In
Sec. V of Part | can be constructed according to the algorithm described
below. The method is applicabe to both the boson-fermion and the baryon

mapping. The refation
(Ng)p = (Ng)g P (4.5)

obtained from Eq. (1.2.4) serves as the starting point. The variant of the
extended image (N;)g is arbitrary but has to be normai-ordered. Here, the
expression given in Sec. IV.A is inserted for (N;)g P. The equation is then
multiplied on the left by the orthogonal projection operator € onto T and on
the right by the orthogonal projector Pc onto the physical collective sub-

space Pe = P I (see Part |. Sec. IV.B), yielding

& (N)p Pc = € Ny Pe . (4.6)
(For simplicity, the property (1.4.14) of f’c has been used to eliminate the
factor P originating from Eq. (4.5).) The ultimate aim is to bring the right
side of (4.6) into the form presented in Eq. (1.5.8),

where (N;):g Is an operator contalning no noncollective operators of bosons

or of ideal baryons. It is easler first to fulfill the equation

& (NDp Pc = € (N Pe . (4.8)
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For this purpose, the foliowing two tricks will be used:

a)

b}

From the creation operators of the normal-ordered extended image
(No)g In Eq. (4.6), all components ineffective in the presence of the

projection operator C are to be removed.

As shown in Refs. 2 and 3, any normal-ordered extended image muiti-
plied by P on the right is totally antisymmetric in the fermion Indices
of its annihilation operators. Due to the property (1.4.14), I5C has the
same effect. Consequently, one can further modify the variant of (N;,)g

in {4.6) by rearranging the indices of the annihilation operators.
In detail, one proceeds as follows:

On the right side of Eq. (4.6), the creation operators of the bosons or
ideal baryons in (N;)g are expressed in terms of operators with coupled
fermion indices as described in Part |, Sec. Ill. The noncoilective compo-
nents of these creation operators yield no contributions in the presence
of € and are therefore dropped according to trick a). in this way, the
extended image (Np)}g in Eq. (4.6) is reduced to the terms where all bo-
son or ideal baryon creation operators are collective. The fermion indices

of the annihilation operators remain uncoupled.

In the second step, trick b) is applied in order to further simplify the
structure of (N;)g and to bring the annfhilation operators as far as pos-

sible into a purely coliective form.

In the example considered here, the case of the boson-fermion map-

ping requires an additional treatment because the ideal fermions and col-
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lective bosons in the states of J~ are coupled to higher collective units,
the boson-fermion pairs. As a consequence, the procedure of step 1 does
not suffice to exclude all terms annihilated by C from the expression
(N;)g Pe. It Is necessary that the operator (Ng)g Pc simplified in steps
1 and 2 is explicitly applied to a collective bra state with the general

structure
(0] (NU1)9 (Non)g .

The resulting state is physical and therefore completely antisymmetric in
the original fermion Indices of Its annihilation operators. Making use of
this property, one can show that the remaining noncollective components
of (N;)g contained in C (N;)g P give zero when acting on collective bra
states and may be dropped. The rest is purely collective.

For the purpose of an additional simplification, the procedure just de-
scribed can be applied also to the coffective parts of the operator (N;)g.

Here, all terms for which the result is zero are omitted from (N;)g.

4. For both mapping techniques, the extended image (N;)g In the expres-
sion € (N;)g P has been reduced in the preceding steps to an operator
(N;)'g which contains no more noncollective operators of bosons or of
ideal baryons and satisfies Eq. (4.8). Then, Eq. (4.7) Is fulfilled as well if
the operator (N;):g commutes with C or, which is equivalent but easier to

verify, obeys the two conditions

(NDg Ie) = € (Np)g o) v olo) e 9c . } o)
(cl Ny = (el (N € v olc) e Ic . '
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In the case of the baryon mapping, any operator containing only collec-
tive ideal baryon operators automatically satisfies (4.9). For the boson-
fermion mapping, however, the situation is in general not that simple be-
cause the coupling between bosons and ideal fermions renders the struc-
ture of J- comparatively complicated. Therefore, the validity of Egs. (4.9)
has to be checked separately. It is sufficient to do this for a state |c) of
the general form (3.13). In this way, the operator (NL)7 can be shown to
commute with C and, consequently, to possess the desired property (4.7).

From this it follows that (N;)b is a collective extended image.
C. Results for the boson-fermion mapping
Let
ﬂf = Z Z C;KCkx (410)
k2
be the particle number operator of the ideal fermions and
Nig = kz brby, (4.11)
that of the collective bosons, where the prime indicates the truncation. With

these definitions, the collective extended boson-fermion image (Ng)y con-

structed according to Sec. IV.B reads:
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Ny = =55 ( (N5 (20 + 2 - Rig - Re)

- E (N,) 5 kE cipckx ) (4.12)

Y670 ( ('), (20 + 2 - Aig - Ry)
- (0% T Chollox ). (4.13)

{In the derivation of the last equation, the relation (3.8) has been used.)
By applying the operator (4.13) to a ket state of the form (3.13), one ob-

tains the recursive relation
+ . + _+ + +
(anﬂ)g (b C Pn"'(b C 91|0)
= /670 (20+2-n) (b'c’), | (b'c), ..(b"c"),0) (4.14)

As demonstrated in Sec. V.B of Part |, the model space Jepe is spanned

by the states

(NG Yy o (N3 [0) 7

with n = 0,1,...,200 ,
> (4.15)
P1re-abp = 1,200,

PP for i, j=1..,n and i * i,

which are the collective images of the multinucleon states (2.10) for
n = 0,1,..,2Q. With the aid of the formula (4.14), the states (4.15) can be
reduced to a very simple structure. After repeated use of Eq. (4.14), one

arrives at the relation
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(Ng )7 .. (NG)z7 10)

= (/)2 AL ('), (6"}, [0) (4.16)

A comparison of (4.15) and (4.16) with (3.13) shows that in the special
case of the model treated here, the model space Jepc is identical with the

coliective ideal space Jc,

Iepe = Je - (417}
This property leads to a considerable simplification of practical calculations
because a collective analogue of the unphysical subspace P, i. e., a nontriv-
ial orthogonal complement of Jepe in J, does not exist.
D. Results for the baryon mapping

With the particle number operator
o .
N' = 3 byb,, (4.18)

of the collective ideal baryons, the collective extended baryon image (N;):ﬂ]

constructed in Sec. IV.B can be written as

(NDy = (N5 (1 + &1171) N (20 - 1 - 1)) (4.19)
= 2/ bl (1 + == R (20 - 1 - R)) . (4.20)

6(0Q+1)
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Here, the relation (3.17) between (Np)}} and b;, has been used.
For collective ket states with the structure {3.20), one obtains the recur-

sion formuia

+ ' + +
(NG, )7 by .-bg 10)
_ . e e
e er (6(a+1) + n(20-1-n)) by, _be .. 10) . (4.21)

As a consequence, the collective multinucleon image states (4.15) spanning

the model space Jpe are now found to be

(N )z - N5z 10)

n 1 n/2 .
2 (Gmﬂ)) 6(0+1)
x (6(0+1) + 1(20-2))
x (6(0+1) + 2(20-3))

x (6(0+1) + (n-1)(20-n)) by, ...bg,10) - (4.22)

Again, the model shows the special feature that the subspace Jcpe is

identical with the whole collective ideal space Jc,

JCPC = ‘gC . (4.23)
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V. Mapping of the pairing force operator

According to the procedure described in Sec. IV for the operator N;. a
collective extended image H:g of the pairing force operator H defined in
Eq. (2.9) is constructed. The calculation starts with the exact image }:lgp.
which will be presented in Sec. V.A. The same algorithm as in Sec. IV.B is

applied. The results are given in Sec. V.B.

A. Exact image

In the case of the boson-fermion mapping, Eq. (4.32a) of Ref. 2 leads to

the result

H:‘P = G/4 gl:ar cztﬂ Eabrfcedr Joplys
cd <8

+ o+ +
( CaaCbpCcyCds * Daabpbdscy

+ +
- ZE xzkbaukxbbalkbkxl)\bdacT

+ +
( bacxkxcbﬂ

- b;kaC;a) bascyCix ) P. (5.1)

-2
k

XM

The analogous expression for the baryon mapping is derived from

Eg. {5.26a) of Ref. 2 and reads:
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|:15, = G/4 Ebr Z:B EabrEcdr Jup9vs
cd Y8

+
( 2: § bacbBkDdscyko

+ +
+ 1/4 k):l E:)« bkxl)\aablujvbﬂ

o bkxlkjudechu ) P. (5.2)

B. Collective extended image

For the boson-fermion mapping, the algorithm of Sec. IV.B leads to the

collective extended image

~

fy = - G (Rip (20 + 1- R - R + 2= £ (N7 Ndg)  (5:3)

-6 (Rp (20 + 1 - Rig - Ng) + 3 T (b7 )ulbody) . (5:4)

This expression is identical with the operator given by Pittel et al. in
Egs. (6) - (7) of Ref. 6 although the authors use a different mapping tech-
nique.

For the baryon mapping, the collective extended image derived according

to the scheme of Sec. IV.B is

~

fy=-GRN (20 +3-R). (5.5)

In spite of the different definition of the single-particle operators (see also
Sec. V1), this formula has the same structure as the result obtained by Pit-

tel et al. in terms of triplet fermions (Eq. (11) of Ref. 6).



PART I 23
V1. Comparison with the method of Pittel et al.

In this section, the boson-fermion and the baryon mapping are contrasted
with the method of Pittel, Engel, Dukelsky, and Fi‘mg.6 In spite of the obvious
similarities, there are some essential differences, which will be analyzed in
the following. As long as the discussion does not refer to a special physical
model, the general notation of Ref. 2 and Part | will be used, where, con-
trary to the case of the quark shell model, the whole set of gquantum num-
bers characterizing the state of a quark is labeled by a single greek index.

In the first step of the iterative mapping technique employed by Pittel
et al., the ideal space consists of states containing bosons and ideal fer-
mions. The Dyson boson mapping for systems with an odd number of fer-

mions® is applied to the bilinear operators of the form
g3 . 3pdy . Agdg (6.1)

and leads to a representation in terms of boson and ideal fermion operators.
In the next step, a second nonunitary mapping, acting on the bilinear

operators
begCy - baaCy - bugbys » Calp (6.2)

introduces a new kind of fermions with three-quark quantum numbers. These
so-called triplet fermions are described by the creation and annihilation oper-
ators C;B.Y and Cgp,ys Which, unlike the ideal baryon operators, are not
completely antisymmetric in their indices but possess the symmetry proper-
ties of the boson—fermion systems created in the previous step. This is ex-

pressed by the equations
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Cafy =~ Chouy - (6.3)
{CaB.T- C:CX.U-} = (Saxsﬂk - Sﬁxsak) S'ﬂ_x (64)

(cf. Sec. !l of Part I). The ideal space is now spanned by the many-particle
states of the triplet fermions.

Whereas the boson-fermion and the baryon mapping are derived according
to the Marumori method,™™ which is based on the transformation of ;che
multifermion space ¥, the approach used by Pittel et al. starts immediately
with a mapping of operators. Following the method of Beliaev and Zelevins-

3% the construction of the operator images is determined by the crite-

ky
rion that the commutation relations of bilinear operators be preserved at
each stage of the two-step procedure. Pittel et al. do not attempt to deduce
an exact image of the original multiquark Hilbert space. in the first step of
the formalism, where the conventional Dyson transformation is applied, such
a physical subspace would in general not be invariant under the resuiting

image operators. An example is given by the Dyson imagF.eB‘6

(agapayas)t = (agap)) (ayag)y (6.5)
= begbsy - xzkb;xb*ﬁ.i\bx)\bSY
2 (boxCh = DpxCac) DgyCo (6.6)
of the operator a;agaYas. where the subscript 1 indicates the first step of

the mapping. An extended image possessing a similar structure can be con-

structed with the boson-fermion mapping (see Eq. (4.32a) of Ref. 2):
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(a;aEaYas)g = C;CECYCS + b;ﬁbﬁy - xzkb;xbékbxleY
- E (boexcCh ~ DpxCor) DsyCo - (6.7)

According to Eq. (1.2.6), this operator leaves the space of physical ket
states invariant. The expression (6.6), on the contrary, does not have this
property because the term C;CECYca is missing. When the operator

(a;aEaYa8)1 given by Eq. (6.6) is applied to a physical state of the form
P bgnCebeact!O)

the result consists of terms where the indices a and B belong either to the
same boson or to two different bosons or to a boson and an ideal fermion.
A component containing c;cg cannot arise. As a consequence, the resulting
state is not totally antisymmetric in its six indices and therefore not physi-
cal. The invariance of the physical subspace is destroyed because the con-
ventional Dyson mapping designed for the representation of pair structures in
the presence of a single unpaired fermion® is not suited for the case of

many ideal fermions.

As already mentioned, Pittel et at. have applied their method to the quark
shetl model. in the following, the central results obtained for a nucleon sys-
tem in the single-orbit version of the model are summarized and compared
with those of the boson-fermion and the baryon mapping. From now on, the
special notation introduced in Secs. Il and 1li for the states of single quarks
and of collective di- and triquarks will be used again.

In the first step, the pairing force operator H in Eq. (2.9) is transformed

into the operator
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+
Hy = G/4 Y X EabrEcdr JupY9ys (aacxagﬁ)1 (ac73d8)1 ’ {6.8)
abr «p
cd v3d
where the expression (asnapa)i (acy@ds)y has the structure shown in
Eqg. (6.6). All terms containing noncollective boson components are then re-
moved from H,. The resulting truncated operator I:|'1 (with the prime indicat-
ing the truncation) is given by Eqgs. (6) - (7) of Ref. 6 and can be written in

the form
fy=-G (N +1-Rg-Ne) +3 (b'clbe)y) . (6.9)
»

which is identical with the collective extended boson-fermion image (5.4).

In the second step, the operators Ng., Ne, (b°c’),. and (bc), in Hy are
expressed in terms of triplet fermions. Collective triplet fermion operators
can be defined by the equation

+ 1

e = 2760 G-

|

;I:B Eabr Jup CaxbB.re - (6.10)

2

The creation and annihilation operators introduced in this way obey ordinary
fermionic anticommutation rules. After the truncation to purely collective

triplet fermion operators, the image of A is given by
fip = - G X chex (20 + 3 - £ chen) (6.11)
x A

(see Eq. (11) of Ref. 6), where the subscript 2 stands for the second step

of the mapping. The operator

¥ CyCy _ (6.12)

o
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is the particle number operator of the coliective triplet fermions. As men-
tioned before, there is a striking similarity between Fi'z and the collective ex-

tended baryon image (5.5).

it has been dermonstrated above that the physical subspace of the ideal
boson-fermion space is not invariant under the exact image I:h constructed
in the first step of the formalism of Ref. 6. This deficiency, however, is re-
paired when the truncation is performed. For the case of the boson-fermion
transformation, the model space Jepc has been shown to be identical with
the whole collective ideal space Jc. Since the collective extended boson-fer-
mion image Hy given by Eq. (5.4) leaves the model space invariant, the
same must be true also for the truncated operator }:1'1, which agrees with
i:ib. In this way, the invariance of the image space is restored, and the

mapping leads to the correct results.

In comparison with the approach of Pittel et al., the boson-fermion and
the baryon mapping appear to be more systematic. The most important
feature of the two latter methods is the generation of an exact image space
and of extended image operators which, when acting on kets, leave this
space invariant. This property is preserved when a truncation is performed,
provided that the collective fermion space is jnvariant under the original
fermionic operators. The construction of the coilective extended images,
however, can be a rather lengthy and complicated procedure. In this respect,
the technique developed by Pittel et al. seems to be superior because it is
easier to handle. For both approaches, in spite of their success in the case
of the simple quark shell model, the applicability to more general problems

remains to be shown.
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