PART | 1

Boson-fermion and baryon mapping:
Construction of collective subspaces

I. Theory
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Abstract

Recently, the mathematical formalism of the Dyson boson mapping has been
extended to a system of 3n fermions, leading to the boson-fermion and the
baryon mapping. In the present paper, the case of a restriction to a subset
of three-fermion quantum numbers, the collective indices, is discussed. A
theory is developed for the representation of fermionic states and operators
in a truncated ideal space where only collective boson-fermion pairs or col-
lective ideal baryons are allowed. An exact reproduction of physical proper-
ties is proved to be possible provided that the original fermionic problem can
be solved in a subspace where all three-fermion subsystems carry collective
indices. Examples of simple applications are presented in the two subsequent

papers of this series.

PACS numbers: 03.65Fd, 12.40.-y, 21.60.-n
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l. Introduction

In a recent article,) the well-known formalism of the nonunitary Dyson
boson mappingz'3 has been extended to multifermion systems with three-
particle substructures as occurring in the quark model of baryonic matter.
The new approach is designed for the mathematical treatment of baryon
systems on the basis of an effective interaction between quarks. The final
aims are the calculation of the ground state and of low-lying excited states
and the construction of simplified phenomenological models for the interaction
of the baryons. Two different mathematical techniques have been present-
ed."* The first method, the boson-fermion mapping, starts from a quark-di-
quark ansatz and leads to a description of a 3n-quark system in terms of n
bosons and n so-called ideal fermions, where each boson represents a quark
pair and each fermion stands for a single quark. The second alternative, the
baryon mapping, is a direct step from states with 3n quarks to n-particle
states. The particles created in this way show fermionic behaviour and are
termed ideal baryons because they carry the guantum numbers of quark tri-
plets.

Both methods are based on a nonunitary transformation of the original
multifermion states into the ideal space, i. e., the space spanned by the
many-particle states of the newly-introduced particles. At this stage, the un-
derlying formalism is completely general and does not depend on the struc-
ture of the actual physical interaction. The crucial step where physics be-
comes relevant consists in a truncation of the ideal space. In the states of
the resulting subspace, the quantum numbers of the ideal baryons or boson-
fermion pairs are restricted to those of real bound three—guark or quark-
diquark systems, respectively. The di- and triquark quantum numbers selec-
ted in this way will be termed collective, in accordance with the current ter-

minology used in boson mapping theory (see, e. g., Ref. 5). As usual, the
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truncated space is referred to as the collective subspace of the ideal space.

The ultimate alms of the truncation procedure are a simplification of the
original many-body problem and an approximate description of the multiquark
states at lowest energy. For a good reproduction of physical properties, the
structure of image operators acting in the truncated ideal space is essential.
As in the case of the Dyson boson malpplng.ﬁ'13 the representation of an
operator in the ideal space is in general not uniquely defined. As a rule, sev-
eral different variants exist, leading to identical physical results’™* as long as
no approximations are made. If a truncation is performed, however, the
choice of a suitable variant determines whether a good approximation is ob-
tained. The same is true also for the Dyson boson mapping.g"3 There, pro-

d,>™ it is possible even to

vided that certain aigebraic conditions are fuifille
derive exact results in terms of purely collective bosons.

The present paper is a first attempt to develop a similar theory for the
boson-fermion and the baryon mapping. The mathematical foundations of the
truncation procedure and the prerequisites for a representation of physical
operators and states in the truncated ideal space are analyzed. An exact
reproduction of physical properties is found to be possible if the original fer-
mionic problem can be solved in a truncated multifermion space where the
quantum numbers of the three-fermion subsystems are allowed to take only
collective values. In the second paper of this series, the formalism developed
here will be illustrated by the example of a simple physical model where the
collective triquarks are nucleons. The more general case of baryons, i. e., of

triquarks which are colourfree, and its treatment with the baryon mapping

will be discussed in the third paper.

The present paper is organized as follows: Section Il contains a short re-
view of some foundations presented in Ref. 1. For details concerning the

properties of the boson-fermion and the baryon mapping, the reader is re-
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ferred to Refs. 1 or 4. In Sec. lil, a new notation is introduced both for the
states of two- and three-fermion systems and for the states of bosons,
boson-fermion pairs, and ideal baryons. The subject of Sec. IV is the con-
cept of collective subspaces which are obtained by means of a restriction to
collective three-fermion quantum numbers., The questions concerning the ex-
istence and the properties of collective image operators are treated in

Sec. V. The article ends with a short summary in Sec. VI
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Il. Basic definitions

Let ay, a, with a = 1,..,m be the creation and destruction operators of
fermions (here quarks) possessing m single-particle states. Both the boson-
fermion and the baryon mapping are defined on the space ¥ spanned by all

states
+ _+ _+ + _+ _*
8o, g, Ay, Aoy 2ByAy107 (2.1)

with n e« Ng, 3n < m, and &, B, Yk = 1...m for k = 1,...n. As usual, 10>
represents the vacuum state. ¥ is mapped into the idea/ space J consisting
of all linear combinations of the many-particle states of bosons and ideal
fermions or ideal baryons, respectively. The image of ¥ is a subspace of J,
the physical subspace P, where the Pauli principle is preserved. The ele-
ments of P are termed physical states. The total space J is the direct sum
of P and its orthogonal complement, the unphysical subspace P*. The nota-
tion | > is used to denote kets in F, whereas kets in J are written as { ).
In particular, the symbol [0) stands for the vacuum state of J.

in the case of the boson-fermion mapping. boson creation and annihilation
operators b;a. beg with @, B = 1...m are defined to be antisymmetric in

their indices o and B and to satisfy the relation
[b“B' b;)\] = 8‘1,(85;\ - 83,,8“)‘ . (22)

The remaining commutators vanish. The ideal fermions are represented by
the operators Cos € With @ = 1,..,m. These obey ordinary fermionic anti-
commutation relations and commute with all boson operators. The ideal space
7 of the boson-fermion mapping is spanned by all states containing as many

bosons as ideal fermions.



PART | 6

For the baryon mapping, ideal baryon creation and destruction operators

b;B'r' b with a, B, v = 1,...,m are introduced. By definition, they are to-

xfy

tally antisymmetric in their indices and fulflll the requirement’*

{bapy. b;ku} = Sonedpadyy * Spadyaday * Sradandpy
- 85,(8“,\8“1 - STKBBkamu - 8(!)18‘7183[1 - (23)
The remaining anticommutators are zero. In Sec. IH.B, it will become obvious

that the particles defined in this way have fermionic properties. The ideal
space corresponding to the baryon mapping Is the Fock space of the ideal

baryons.

In both cases, the physical subspace # is generated by the vacuum state
|0) and all elements of 7 which are totally antisymmetric with respect to in-
terchanges of their fermion indices. The orthogonal projection operator in J
onto the physical subspace P is denoted by P. For an arbitrary linear opera-
tor A : ¥ — ¥, the image Agn constructed with the boson-fermion or the

baryon mapping can be expressed in the form'*

~

where Ag is a polynomial of creation and annihilation operators acting in J.

Since f\P has the property““

(2.5)
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it follows from Eq. (2.4) that Ag leaves the space of physical ket states

jnvariant, 1, e., fulfills the relation
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~

(In general, due to the nonunitarity of the two mappings, the analogous
statement for bra vectors does not hold."*) As a consequence of Eq. (2.6),
it is possible to work with the simpler operator Ag instead of Ap without
influencing the results obtained for physical ket states. it should, however,
be noted that Ag. contrary to AT. may produce nonvanishing results also
when applied to wunphysical states. Therefore, Ag is termed the extended
image"“ of A, as distinct from the exact image AP. As mentioned in the
Introduction, Eq. (2.6) does not determine Ag uniquely but generally allows
the existence of several variants agreeing only in their effect on physical ket

states.



PART | 8
fil. Coupling of fermion indices

As a preparation for the introduction of coliective di- and trifermion indi-
ces, the coupling of three fermion indices by means of a linear transforma-
tion is treated in this section. The aim is to characterize the states of a
three-fermion system (trifermion) by a single index describing the properties
of the system as a whole. Two different approaches are possible. The first
method, the difermion-fermion coupling, starts with the formation of two-
fermion systems (difermions) which, in a second step, are coupled to a third
fermion. This procedure is adapted to the structure of the boson-fermion
mapping. In connection with the baryon mapping, the second approach is to
be used. There, the coupling of the three fermions is achieved in a single
step, and the corresponding transformation will be referred to as trifermion
coupling. The two different types of coupling and their application to the bo-

son-fermion and the baryon mapping, respectively, are described below.

A. Difermion-fermion coupling

in the following, small latin letters stand for two-fermion states, whereas
capital latin letters denote states originating from the coupling of three
fermion indices.

The annihilation and creation operators of a difermion in the state r are
constructed with the aid of a linear and unitary transformation acting on a

pair of fermion indices:™""®

(aa),. 1= 1/2 Zsc;’g agay (3.1
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(a*a"), = (aa); . (3.2)

The transformation coefficients Cgug appearing In Eq. (3.1) are defined to be
antisymmetric in their indices a and B and to satisfy the orthogonality and

completeness relations'®

1/2 gﬂ Coep Cap = 3rs (3.3)

'_Z C;B C':')\ = amxsﬂ)\ - Saxaak - (3.4)
tn the next step, a second linear transformation is performed. It couples
difermion with single-fermion indices. For a three-fermion system in a state

R constructed in this way, annihitation and creation operators can be intro-

duced as follows:

{aaa)g =2 2 D?; ag(aa), (3.5)
F e

=2 LY Cop Din 3,253, (3.6)

a'a"a’)y = (aaa)g . {3.7)

Here, the coefficients of the second transformation are denoted by Dﬁp. For
simplicity, they are again chosen to fulfill the requirements of orthogonality

and completeness, i. e.,
rZ E D?; Drsp = 8gg . (3.8)

'; DR, Dog = 8rebpg - (3.9)
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The completeness relation {3.9) Indicates that no restrictions are imposed on
the coupling of difermion and single-fermion indices. This means that the
coupling is not necessarily totally antisymmetric in all three of the original
fermion indices but that combinations of mixed symmetry where only the di-
fermion part is antisymmetrized are possible, too. In the trifermion operators
given by Eq. (3.6), such contributions are of course zero. As a consequence,
the maximum number of linearly independent three-fermion states is smaller
than the number of different values of R obtainable by means of the trans-
formation. The full set of indices R is therefore overcomplete and inappro-
priate for the classification of trifermion states. This is the price to be paid
for the simple structure of the second transformation. In practical applica-
tions, however, one can easily overcome this disadvantage by working with a
collective subset of indices which is chosen in such a way that the corre-
sponding trifermion states are linearly independent (see Sec. IV.A).

For the application of the boson-fermion mapping, it is advisable to intro-
duce new boson indices constructed in a similar manner as above. in accor-

15,16

dance with the common practice in boson mapping theory, the annihilation

operator of a boson in the state r is defined by
br 1= 1/2 %, Cyp bup - (3.10)
ap
The inverse relation reads:
bep = 2 C;B b, . (3.14)
T

The new boson operators obey the simple commutation rules
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(b, b;} = &g
(3.12)
[be bg) = [by, bgl = 0. }'

In Refs. 1 and 4, it has been shown that the nonunitary boson-fermion

mapping of the operators ajaga, and a;aga; leads to the results

(agagag)p = (agapaqls P = byaCe P (3.13)
and
(a;aéa;)? = (a;aaa;)g P = (Z;ap + Zapa + Z;mﬂ) p (3.14)
with
Z;Bp

. v+ + ot + + oL+ +
i= baBCP + E b“xCBCpr + xszulbﬁxcpbxl

+
+ ( E)\ baBb;xC;\bxk

£ 1/6 F, DlrCaCpCaCaCn
'P N

o+ L+t 1
+ 1/3 5, bobpabpucubunbug ) o (3.15)
uv

(see Eqs. (4.27a), (4.31), and (4.16) of Ref. 1). Here, N is a particle number
operator counting the bosons or, equivalently, the ideal fermions in the states
of 7, and the N-dependent fraction has to be replaced by its eigenvalue

when acting on a state with a definite particle number.
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As a consequence of Eg. (3.13), the extended image of the trifermion

operator (aaa)gy given by Egs. (3.5) - (3.6) can be chosen to be
((aaa),g)g = (bc)g (3.18)

with the definition

I

(bo)g = /2 T 3 Cog 5 Dis bagCo (3.17)

Y. ¥ Dfy bece (3.18)
roe

for arbitrary values of R. Contrary to the fermionic operator (aaa)y in
Eq. (3.6), the expression (3.17) Is in general not completely antisymmetrized
with respect to interchanges of the indices a, B, p. From the exact image
((aaa)R)p = ((aaa)g)g B, however, all terms possessing no fermionic origin
are excluded by the presence of P because the product bgCe P is totally
antisymmetric in its three indices.*

One can invert the relation (3.17) by using the completeness property of

the coupling coefficients (see Egs. (3.4) and (3.9)). The result reads:

bupCe = % L Cop Do (be)g (3.19)

For creation operators, the coupling of a boson-fermion pair in the state

R is defined by
(b*cMr = (bc)k - (3.20)

However, due to the complicated structure of Egs. (3.14) - (3.15), this
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simple expression is not an extended image of (a*a*a’)g:*

(a’a+a+)ﬂ)g # (b'cg - (3.21)

B. Trifermion coupling

As in Sec. Ili.A, three-fermion states will be denoted by capital latin
letters. However, the states are now constructed in a different way and are
therefore generally not identical with those obtained by means of the difer-
mion—fermion coupling. The new trifermion destruction and creation oper-

ators belonging to the state R have the structure

R
(aaa)R 1/6 GZBTCaa.Y aYaﬂaa , (322)

(aaa)i . (3.23)

+ + _+
(a’a’a’)g :

where the transformation coefficients CEM are required to be totally antl-
symmetric in o, B, ¥ and to possess the following orthogonality and com-

pleteness properties:4

1/6 ¥ CRe_ C35. = bgs . (3.24)
By apy “~aBy RS
R Re  _

RZ Caby Cxne = Boxdpadyu * Spadyadou + Syacdandpy

- Sﬂxaa)‘s.\(u - 87,‘8518““ - sauanaau . (325)

(Here, contrary to the case of the difermion-fermion coupling, the total anti-

symmetry of the coefficients automatically ensures the linear independence of



PART | 14

three-fermion states characterized by different values of R.)
In order to facilitate the handling of the baryon mapping, the same for-

malism is applied to the ideal baryon operators, yielding the result
R
bg = 1/6 §BTC“37 bagy (3.26)

for the annihilation operator of an ideal baryon in the state R. The inverse

relation is given by
bapy = 2 Casy bR - (3.27)

With the aid of this formula, the anticommutation rules of the ideal baryons

get the well-known fermionic structure

b, be) = 8ge .
tbg. b RS } (3.28)
{bg, bg} = {bg. bg} = 0,

as already mentioned in Sec. Il
The baryon images of the operators a,apa, and a;,aaaff have been calcu-

lated in Refs. 1 and 4. The results are

(ayagag)p = (ayapay)y P = bypy P (3.29)

and
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(a;aga;),a = (a;aéa;)g p
= ( b;ﬂvr
+1/2 ;ku(b:clozb;'ﬂz * b;lﬁb;uu ¥ b;kYb;Bu) Brexe
P8 by nabiugbooyDxuebrva ) P (3.30)

Ava

(see Egs. (5.23), {5.21a), and (5.15) of Ref. 1). They reflect the nonunitarity

of the mapping."* Using Eq. (3.29), one immediately derives the expression
((aaa)ﬁ)g = by (3.31)

for the extended image of (aaa)y. From Eqg. (3.30), it follows that an equally

simple relation for the creation operators does not exist, i. e.,

((a+a+a*)R)g * by - (3.32)
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IV. The concept of collective subspaces
A. Collective indices

The sets of two- and three-fermion indices r and R introduced in Sec. Il
are now reduced to subsets consisting of collective indices. Throughout this
paper. the selected indices will be marked by a prime. Accordingly, r' is a
collective index of a difermion or a boson, whereas R’ stands for a collective
state of a trifermion, a boson-fermion pair, or an ideal baryon.

In the case of the boson-ferrnion mapping, the choice of collective indices
is subject to two additional conditions. First, as already mentioned in
Sec. |llLA, the collective three-fermion states are chosen to be linearly inde-
pendent. In addition, the collective di- and trifermion indices are related

through the requirement

Df‘; =0 for noncollective indices r, (4.1

so that the collective trifermion operator (aaa)y glven by Eq. (3.5) can be

expressed in the form
(aaa)y = ¥ T DF a,(aa). (4.2)
re

with purely collective difermion guantum numbers. Conseguently, the corre-

sponding image (bc)g defined as in Eq. (3.18) contains only collective boson

operators:

(bekg = L Z DFp byc, - (4.3)
re
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B. Collective subspaces

The definitions presented in this subsection are kept completely general so
as to hold for both the boson-fermion and the baryon mapping. As an ab-

breviation, the notation
(aaa)g =: Ty (4.4)

is adopted. Here, the difermion-fermion coupling is used in connection with
the boson-fermion mapping, whereas the trifermion coupling belongs to the
baryon mapping.

The spaces ¥, P, and 7 are defined as in Sec. ll. In the following, sev-
eral different collective subspaces will be introduced. The underlying concept
is analogous to a scheme developed by Kim and Vincent® for the Dyson bo-
son mapping. The nomenclature is chosen in such a way that subspaces of
¥, P, and J are labeled by the respective symbols with additional lower in-
dices. In particular, the symbol J with a subscript indicates that the corre-
sponding subspace of 7 is in general not contained in P.

Let ¥ be the colfective subspace of ¥ or, for short, the colfective fer-

mion space. F is spanned by the states of the form
T - Tryl0> (4.5)
with all possible integer values of n and arbitrary collective indices Rj,....R,.

Another important space is Jc, the collective subspace of J or coflective

ideal space. It is spanned by the states possessing the structure

(Tr )7 - (Tr)z 10) (4.6)
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where, again, n and the collective indices take on arbitrary values. Explicitly,

the operator (Tg)y is given by

+ 4

(bc)p for the boson-fermion mapping (4.7)

I

(Tl
and

(Tr)g = br for the baryon mapping. (4.8)
The relation between J and J Is expressed by the equation

Jo=C 7, (4.9)
where C is the orthogonal projection operator in J onto the coliective sub-
space Je.

The image vectors corresponding to the states (4.5) of Fc.

(Th)p — (Tr)e 10) = (Th)g P . (TR)g Plo), (4.10)

span the subspace P of P. Pc is the image of Fe in P. By repeated use

of Eq. (2.6), the slates (4.10) are brought into the simple form
(Tr)g - (Tiyo 10) . (4.11)
It should be kept in mind that

(T:q')g z (TR')B ' {4.12)
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as already pointed out in Sec. Ill. The operator (TR')g appearing in the
states of P- shows a far more complicated structure than (Tr)7 given by
Eq. (4.7) or (4.8). Contrary to the latter, (Tk-}g may contain also noncollec-
tive operators of bosons or of ideal baryons. This means that the space P
is in general not a subspace of J-. According to the theory presented in
Refs. 1 and 4 (in Ref. 1, see Eqs. (4.18) and (4.24a) as well as Egs. (5.17)

and (5.21a)), P can be written as the projection of I into P, i. e.,
Po=Pa.=PC9, (4.13)

and is therefore termed the physical collective subspace of J. The orthogonal
projection operator in J onto P will be denoted by P-. Note that it is not
identical with the product P &, which is not a projector because P and € do
not commute. Since P~ is a subspace of P, the operator F3C possesses the

property

(4.14)

0>
Cr
1}
o
-
0
1]
meH
O
v
n
-
v
0
i

In order to represent the physics of ¥~ in the truncated ideal space Jc,
one has to find a collective analogue of the physical subspace P, i. e., a
subspace of J- taking the role of ? after the truncation. In Sec. V, the
space fulfilling this requirement will be demonstrated to be the subspace

ngC of GC. defined by

Jepe = CPc=CPIc=CPCT. (4.15)

Since noncollective operators of bosons or of ideal baryons are excluded

from its states, Jepc is in general not a subspace of P. Here, Jcpc is
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called the model space {cf. the nomenclature used by Kim and Vincent in
Ref. 5).

The relationship between the various spaces introduced above is illustrated
by the diagram in Fig. 1. For further reference, the definitions of the differ-

ent subspaces of the ideal space J are summarized in Table I.

Mapping
—_— P c 7
Restriction to | : i
collective | : '
. 1 | i
trifermions ¥ ¥ :
Ffo — Pc Ci
e
¥ '}

Iepec © Jc

FIG. 1: Truncation scheme

TABLE {: Subspaces of the ideal space 7

Physical subspace: r = P g
Collective subspace: Ie = ol
Physical collective subspace: Pc = PCa = IE’C Jg c P
Mode! space: Jepe = cpcg = ¢C l3C J ¢ IJe
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V. Collective image operators
A. General mathematical background
let A : ¥ — ¥ be a linear operator possessing the property
Alfc> € Fc Volfe> e Fe . (5.1)
An analogous relation holds for the image A? derived by applying the bo-
son—-fermion or the baryon mapping. Since the transformation preserves all

matrix elements,’** Agp leaves the image Pc of F invariant, i. e.,

For states of F with the general structure (4.5), the matrix elements of

A before and after the transformation can be written as

OfTg;...Tey A Thi..ThilOD

it

0 (Tsde ... (Tep Ap (TR)p - (Tr)e 10)

(0l (Tsg P .. (Ts)g P Ap (TR)g P ... (TR)g P 10)
(of (TSi)g (Tsl-()g /3\,, (T;‘;‘)g (qui)g |0) . (5.3)
In the last line, P has been shifted to the right by means of Eqs. (2.6} and

(2.5) and then dropped. The bra vector is purely coliective now, whereas

the ket, expressed in the form (4.11), is an element of P. Consequently,
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the operator AP may be replaced here by C Ap Pc without affecting the
matrix elements.

Since the physical collective subspace Pe Is Invariant under A? (see
(5.2)), the operator ¢ Ap Pc has the property of mapping Pc into the

model space ¢ Pc = Iepe:

€ Ap Pe Ipc) = € Ag Ipo) (5.4)
e C Pc = Jepe V lpc) € Pc . ‘

As proved in the Appendix, the projection operator C defines a one-to-one

correspondence between P and Jcpc, i. €., the restricted mapping

ClPe : Pc — € Pc = Iepe (5.5
ipc) — C lpc) '

is bijective. Therefore, the image C Ap Ipc) of the vector Ipc) under
c A? Isc can be as well interpreted as an image of C lpc). This amounts
to introducing an operator A‘g whose action on Jepe is determined by the
relation

Ay € Ipc) = € Ag lpc) V € lpc) € Icpe - (5.6)

Since, due to (5.4), the right side of Eq. (5.6) is an element of Jcpc. this

definition implies that A}] maps the model space into itself:
Az € lpc) ¢ Jepc V Clpc) ¢ Iepe - (5.7)

Moreover, it follows from the linearity of A and Ap that Ay is linear on
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Jcpc- The defining relation (5.6) of A}; is equivalent to
€ Ap Pe = Ay C Pc . (5.8)

The matrix efement (5.3) can now be written as a matrix element of Ag.

First, as announced above, € A,, Isc is substituted for AP, yielding
OlTg;-.. Ty A T Tail0>
= (0 (Tg))g - (Tgg € Ap Pe (TR)g - (TR 10) . (5.9
By means of Eq. (5.8), one derives:
OITs;..Ts, A Tr, .. ThilO>
= (0l (Tg)g - (Tga Ay C (TR)g - (TRYg 10) . (5.10)

The projection operator I5c originating from Eq. (5.8) has been omitted here
because it would have been applied to a physical collective ket state. in the
resulting matrix element, the operator Z\b acts on a collective bra state and
a ket state belonging to the model space Jcpc. Since Ay maps Jepe into
itself and the definition (5.6) does not make any statement concerning the
behaviour outside of J-pc. one can choose A:g in such a way that it con-
tains no noncollective operators of bosons or of ideal baryons. From now on,
A'g will be assumed to have this property. The original physical problem in
F~ and its results are then exactly reproduced in the collective ideal space
Je, where the subspace J-pc takes the role of the image space. In this

formalism, the invariance of Jepe under Ay, as expressed by (5.7), is the
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analogue of the invariance of # under the extended image Ag of A, i e.,
Ag Ip) ¢ P Y lp)e? (5.11)
(see Eq. (2.6)), whereas {5.10) resembles the general relation
OITg,..Ts, A Th, TR, IO
= (0l (Tg)g - (Tg)g Ay (Tr)g - (Ta)g 10) (5.42)

for the matrix elements. (Equation (5.12) Is obtained in the same way as
(5.3) but with the additional substitution of Ag P for A?.) In order to lay
special emphasis on the analogy between Ay and Ag. the operator Ay wil
be termed the coflective extended image of A. Similar to ﬁ\g, A}] is not
uniquely defined, for the relation (5.6) determines the effect of Az on kets
of Jepc only. in general, several different variants may be possible, all
satisfying the basic requirement given by Eqg. (5.8) or (5.8).

In the second paper of this series, an example will be presented for the
practical construction of collective extended image operators. The method
described there is based on the relation (5.8). The same procedure will be

appiled also in the third paper.

B. Structure of the model space

In this subsection, the general formalism developed in Sec. V.A is applied

to the special case of the operator
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A= Tk with a collective index R'.

(For the corresponding annihilation operator Tg.. the extended image is al-
ready purely collective, as seen from Eqs. (4.4), (3.16), and (3.31).) The col-

lective extended image (TR.)y of Tk satisfies the relation (5.8), i. e.,
€ (Th)p Pc = (TR € Pc . (5.13)

Since, as expressed by (5.2), the operator (TR-)p leaves the space of phys-

ical collective kets invariant, this is equivalent to
E Pe (Th)p Pc = (Th)z € Pe . (5.14)
The model space J-p~ is Spanned by the states of the form
E (Th)p - e 10) = C (Tr)g .. (TR [0) . (5.15)

where n and the collective indices Rj,....R;, take all possible values. Eqguation
(5.10) shows that these states play the role of image vectors belonging to
the fermionic states (4.5). Therefore, the states (5.15) will be termed the
collective images of (4.5). In Eqg. (5.15), the projection operator ¢ acts on a

ket state with the structure (4.10). Since any such state belongs to P, one

can write:

)

(TR)p (TR, )7 - (Tae 10)

n

= € Pc (TR)p Pe (Th )p P . Pc TR)p Pc 10) . (5.16)
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Application of Eq. (5.14) to the operator (Tk:.)p on the right side then gives:

¢ (Tr)e (T, Jp - (TR)» 10)

= (TR € Pe (Ta Jp Pe . P (TR)» Pc 10) . (5.17)

Now, the same procedure can be repeated with the remaining operators

(T;h--I)”' (T';i)?’ leading to the final result
C (Ta)e .. (Trp 10) = TRy ... (Tr)z 10) (5.18)

for the states of the model space. This equation is comparable to the gen-

eral relation
(Te )p - (TR)® 10} = (TR )7 ... (TR)g 10), (5.19)

which holds for states of ? and is derived by repeated application of
Egs. (2.4) and (2.6). Again, the analogy between the extended and the col-

lective extended image becomes obvious.
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VI. Summary and conclusions

The main results of this article can be summarized as follows: For any
linear fermionic operator A teaving the collective subspace ¥ of ¥ invariant,
the existence of a collective extended image Alg is automatically guaranteed.
As a consequence, an exact description of physical properties in terms of
collective boson-fermion systems or collective ideal baryons is possible. In
this formalisim, the space ¥~ is mapped onto the model space Jcpc, where
every collective trifermion operator (a*a’a’)g. is represented by its collective
extended image ((a*a+a+)R-)'g. The mathematical formulas involved bear
strong resemblance to the general case where no truncation is performed.

The central definition (5.8) of the coliective extended image A'g. however,
is neither unique nor contains any further information on the actual math-
ematical structure of the operator. in the second paper of this series, the
practical construction ot collective extended images will be exemplified for
the special case of a simple physical model. Useful formulas for the general
case of a system of colourfree triguarks will be presented in the third pa-

per.
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Appendix:
Bijectivity of the mapping (5.5)

In order to prove that the mapping (5.5), given by

ClPe = Pe — Jepc - }(Aﬂ

lpe) — ¢ lpc) .
is bijective, it suffices to show that CI?C is injective, for the surjectivity is
already implied in the definition of Jepc = C Pc. The injectivity is verified

as follows:

Let lpcy). lpeo) ¢ Pe be two arbitrary physical collective states whose
collective components are equal, i. e.,
¢ lpey) = € Ipea) (A.2)
As an abbreviation, the notation
Ipc) = lpce) - lpc2) (A.3)

is introduced. Since P = p C 7, there exists a state |} ¢ F with the prop-

erty
lpc) = P C 1) . (A.4)
Equation (A.2) can now be written as

cCPCmMm=o0, (A.5)
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and it follows that

(CPCM=0. (A.6)

Due to the idempotency and the self-adjointness of the projection operators,

this matrix element is equal to

(it € P2 E i) = (pelpe) = O . (A7)

Consequently, one arrives at the conclusion that

lpc) = O (A.8)

or, equivalently,

Ipct) = lpca) - (A.9)

Together with Eq. (A.2), this means that the mapping (A.1) is injective,

g. e. d.
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